The field generated by scattering of light from a quasi-homogeneous source on a quasi-homogeneous, random medium is investigated. It is found that, within the accuracy of the first-order Born approximation, the far field satisfies two reciprocity relations (sometimes called uncertainty relations). One of them implies that the spectral density (or spectral intensity) is proportional to the convolution of the spectral density of the source and the spatial Fourier transform of the correlation coefficient of the scattering potential. The other implies that the spectral degree of coherence of the far field is proportional to the convolution of the correlation coefficient of the source and the spatial Fourier transform of the strength of the scattering potential. While the case we consider might seem restrictive, it is actually quite general. For instance, the quasi-homogeneous source model can be used to describe the generation of beams with different coherence properties and different angular spreads. In addition, the quasi-homogeneous scattering model adequately describes a wide class of turbulent media, including a stratified, turbulent atmosphere and confined plasmas.
INTRODUCTION
A class of model random sources that play an important role in statistical optics are the so-called quasihomogeneous sources (see, for example, Ref. 1, Sec. 5.2.2). They have the property that their spectral density (spectral intensity) S Q ͑r , ͒ at a particular frequency varies much more slowly with position than the correlation coefficient of the source Q ͑r 1 , r 2 ; ͒ϵ Q ͑r 2 − r 1 ; ͒ varies with rЈ = r 2 − r 1 . Well-known members of this class are Lambertian sources (Ref. 1, Sec. 5.3.3) . The far field generated by a quasi-homogeneous source satisfies two reciprocity relations. One implies that the angular distribution of the spectral density is proportional to the spatial Fourier transform of the spectral degree of coherence of the source. The other implies that the spectral degree of coherence of the far field is proportional to the spatial Fourier transform of the spectral density of the source.
The intimate relation that exists between radiation and scattering is well illustrated by so-called quasihomogeneous, random scatterers. Such scatterers were introduced by Silverman (who called them locally homogeneous media). 2 Quasi-homogeneous media are characterized by the property that the strength of their scattering potential S F ͑r , ͒ at a particular frequency varies much more slowly with position than the correlation coefficient F ͑r 1 , r 2 ; ͒ϵ F ͑r 2 − r 1 ; ͒ varies with the difference rЈ = r 2 − r 1 . The troposphere, for example, is sometimes modeled as such a medium, 3 as are confined plasmas. 4 An analysis of the spectral changes produced by scattering from a quasi-homogeneous, anisotropic random medium was carried out in Ref. 5 . The far field generated by scattering of a plane monochromatic wave that is incident on a quasi-homogeneous, random medium is known to satisfy two reciprocity relations that are strictly analogous to those pertaining to the radiation from three-dimensional quasi-homogeneous sources. More specifically, it can be shown that, within the accuracy of the first-order Born approximation, the angular distribution of the spectral density of the far field is proportional to the spatial Fourier transform of the correlation coefficient of the scattering potential and that the spectral degree of coherence of the far field is proportional to the spatial Fourier transform of the strength of the scattering potential. 6 These two reciprocity relations were used to study certain inverse problems. 7 Because these reciprocity relations are less well known, and also to establish our notation, a short derivation of them is presented in Section 2. The significance of these results is illustrated by applying them, in Section 3, to the case of a plane monochromatic wave scattered by a Gaussiancorrelated spherical medium. The more general problem of scattering of light from a quasi-homogeneous source on a quasi-homogeneous medium does not appear to have been studied so far. In Section 4 we show that, within the accuracy of the first-order Born approximation, the scattered field satisfies two gen-eralized reciprocity relations. One pertains to the spectral density of the far field; it connects the spectral density of the source and the correlation coefficient of the scattering potential. The other pertains to the spectral degree of coherence of the far field and relates the correlation coefficient of the source and the strength of the scattering potential.
SCATTERING ON A QUASI-HOMOGENEOUS, RANDOM POTENTIAL
Let us consider a monochromatic plane wave V ͑i͒ ͑r , t͒ of frequency and (possibly complex) amplitude a propagating in a direction specified by a unit vector s 0 , i.e.,
where r is a position vector of a field point, t denotes the time, and
with k = / c, c being the speed of light in vacuum. Suppose that the wave is incident on a deterministic scatterer that occupies a finite domain D. 
͑10͒
u being kept fixed. Let
where
Since, according to Eq. (6), S F ͑r , ͒ = ͗F * ͑r , ͒F͑r , ͒͘, we call S F the strength of the scattering potential. The function F is the normalized correlation coefficient of the scattering potential. We assume that the scatterer is homogeneous in the sense that F ͑r 1 Ј , r 2 Ј ; ͒ depends on r 1 Ј, and r 2 Ј only through the difference r 2 Ј − r 1 Ј, i.e.,
͑13͒
We also assume that the strength of the scattering potential varies so slowly with position that over the effective width of ͉ F ͉ the function S F ͑r , ͒ is essentially constant. Such a situation may be described by saying that S F ͑r , ͒ is a slow function of r and that F ͑rЈ ; ͒ is a fast function of rЈ. Evidently, over regions of the scatterer for which
͉͒ is appreciable, we may make the approxi-
͑14͒
We then see from Eq. (11) that
͑16͒
Scatterers whose correlation functions have this form, with S F being a slow function of its spatial argument and F being a fast function of its spatial argument, may be said to be quasi-homogeneous.
It will be useful to make the change of variables:
͑17͒
On substituting from expressions (9), (10), and (16) into Eq. (8), we obtain for the cross-spectral density of the scattered field in the far zone the expression
Here
and
are the three-dimensional spatial Fourier transforms of and the spectral density of the field is, evidently, given by the expression S ͑s͒ ͑r,͒ = W ͑s͒ ͑r,r;͒. ͑23͒
On substituting from expression (18) into Eqs. (22) and (23), we find that in the far zone
Because F is a fast function of its spatial argument, it follows from well-known properties of Fourier transforms that F is a slow function of ku. Hence
͑26͒
On making use of these approximations in Eq. (25) we obtain for the spectral degree of coherence of the far field the formula ͑s͒ ͑r 1 u 1 ,r 2 u 2 ;͒ =
͑27͒
Equations (24) and (27) bring into evidence the following two reciprocity relations, valid within the accuracy of the first-order Born approximation, for scattering of a plane monochromatic wave on a quasi-homogeneous, random scattering potential:
1. The angular distribution of the spectral density of the scattered field in the far zone is proportional to the three-dimensional spatial Fourier transform of the normalized correlation coefficient of the scattering potential.
2. The spectral degree of coherence of the scattered field in the far zone is, apart from a simple geometrical phase factor, equal to the normalized three-dimensional spatial Fourier transform of the strength of the scattering potential.
The second result will be recognized as an analogue to the van Cittert-Zernike theorem for the field in the far zone generated by a spatially incoherent source (Ref. 
.2).
The above two results can be used to study inverse problems pertaining to quasi-homogeneous, random media (cf. Ref. 7).
SPHERICAL, GAUSSIAN-CORRELATED SCATTERER
We will now apply the two reciprocity relations that we just derived to the scattering of a plane monochromatic wave on a nonuniform, quasi-homogeneous, Gaussiancorrelated spherical scatterer with radius ␣. A similar, but somewhat less general, analysis dealing with the angular distribution of the intensity of the far field generated by scattering on a homogeneous random medium was presented in Ref. 9 .
One has, in this case,
with A, , and S positive constants and ␣ ӷ S ӷ . The Fourier transforms of these two expressions are
On substituting from expressions (30) and (31) into Eq. (24), one finds that
where denotes the angle between the direction of incidence s 0 and the direction of scattering u, i.e., s 0 · u = cos (see Fig. 1 ). A striking example of the correspondence between scattering and radiation is evident when one compares Eq. (32) with Eq. (5.2-45) of Ref.
1. The latter deals with the spectral density of the far field radiated by a three-dimensional, Gaussian-correlated, quasihomogeneous source. It is seen that the spectral density in that case has the same functional dependence on the correlation length of the source ͑ g ͒ as does the spectral density of the far field generated by scattering a plane monochromatic wave on a Gaussian-correlated, quasihomogeneous sphere on the correlation length of the scattering potential ͑ ͒. The behavior of the spectral density of the scattered field in the far zone, given by Eq. (32), is shown in Fig. 2 for selected values of the scaled correlation length k . It is seen that when the correlation length of the quasihomogeneous scatterer increases the effective angular width of the spectral density of the far-zone field decreases, in agreement with the general considerations of Section 2.
The (time-averaged) total scattered power is given by the expression
͑34͒
The behavior of this quantity, as calculated from Eq. (34), is shown in Fig. 3 . It is seen that, within the validity of the first-order Born approximation, for a completely random, uncorrelated spherical scatterer ͑k → 0͒, the averaged scattered power ͗P ͑s͒ ͘ → 0, i.e., no scattered power is generated. On increasing the correlation length, the total scattered power is seen to increase approximately linearly with k .
On substituting from expression (31) into Eq. (27), one obtains for the spectral degree of coherence of the far field the expression 
͑35͒
Without loss of generality we may take the z direction to be along the direction of incidence s 0 and the x direction along the vector u 1 − u 2 . If we restrict our attention to pairs of observation points placed symmetrically along the direction of incidence, then ru 1 = r͑u x ,0,u z ͒, and ru 2 = r͑−u x ,0,u z ͒ (see Fig. 4 ). Formula (35) then takes on the simple form ͑s͒ ͑ru 1 ,ru 2 ;͒ = exp͓− 2k 2 S 2 sin 2 ͑/2͔͒, ͑36͒
where is the angle between u 1 and u 2 . The behavior of ͑s͒ ͑ru 1 , ru 2 ; ͒ is shown in Fig. 5 for selected values of the scaled effective scatterer radius k S . It is seen that when the effective radius of the scatterer increases the angular width of the spectral degree of coherence of the far-zone field decreases, in agreement with one of the general results of the previous section.
QUASI-HOMOGENEOUS SOURCE ILLUMINATING A QUASI-HOMOGENEOUS SCATTERER
The correlation properties of a three-dimensional random source Q may be characterized by its cross-spectral density function
Here the brackets denote the average taken over an ensemble of realizations U Q ͑r , ͒ of the source distribution. The spectral density of the source is given by the diagonal element of its cross-spectral density, i.e., S Q ͑r,͒ = W Q ͑r,r;͒, ͑38͒
and its spectral degree of coherence is given by the expression Q ͑r 1 ,r 2 ;͒ = W Q ͑r 1 ,r 2 ;͒ ͱS Q ͑r 1 ,͒S Q ͑r 2 ,͒ .
͑39͒
We will from now on not display the frequency dependence of the various quantities. As already mentioned, when a source is quasi-homogeneous its spectral degree of coherence depends on r 1 and r 2 only through the difference r 2 − r 1 , i.e., Q ͑r 1 ,r 2 ͒ ϵ Q ͑r 2 − r 1 ͒; ͑40͒
and if, in addition, its spectral density varies so slowly with position that over the region where ͉ Q ͑r 2 − r 1 ͉͒ is appreciable S Q ͑r , ͒ is essentially constant. So one has, to a good approximation,
If the field generated by a quasi-homogeneous source is incident on a scatterer that is located in the far zone of the source, the cross-spectral density of the incident field at the scatterer is given by the formula (Ref. 
and on substituting from expression (41) into Eq. (42), we obtain for the cross-spectral density function of the incident field the expression
͑44͒
the integrals formally extending over the entire space. In the denominator of the factor in front of the integral we can make the approximation
R = ͉R͉ being the distance from the origin (located in the source region) to the region of the scatterer (see Fig. 6 ). Further, each of the factors r 1 and r 2 appearing in the denominator of the two exponentials in the integrand of expression (44) may also be approximated by R. It is shown in Appendix A that this latter approximation introduces an error in the phase of the exponential functions, ⌬ p , say, that is bounded in absolute value by
with L Q and L S denoting the linear dimensions of the source and of the scatterer, respectively. It is seen from this inequality that ͉⌬ p ͉ may be made arbitrarily small by taking the distance R between the source and the scattering medium large enough. Within the validity of the firstorder Born approximation, the cross-spectral density of the scattered field in the far zone has the general form [see Eq. (8) 
͑48͒
It is seen from Eq. (12) that the strength of the scattering potential, S F , remains unchanged when this modification is made. It follows immediately from Eq. (11) that the modified correlation coefficient, F , is given by the expres-
͑49͒
The term ͑r 2 Ј − r 1 Ј͒ appearing in Eq. (49) may be approximated by [see Fig. 6 and Ref. 8, Sec. 8.8.1, Eq. (2)]
͑50͒
The last step follows from the fact that the scatterer is located sufficiently far from the source. Since ͉ F ͑r 1 Ј , r 2 Ј͉͒ = ͉ F ͑r 1 Ј , r 2 Ј͉͒, it follows that C F ͑r 1 Ј , r 2 Ј͒ can also be expressed as the product of a fast function and a slow function. Moreover, since = ͑R S − ͒, it follows from expression (50) that = ͑R S − ͒. Hence
with the variables R S + and R S − defined by Eqs. (17). We thus obtain for the cross-spectral density function of the far-zone scattered field the expression
with the integrals extending over the entire space. Also, s 1 2 = s 2 2 = 1, and the phase ⌽ of the propagator term is given by the formula 
͑57͒
begin the three-dimensional spatial Fourier transforms of the strength of the scattering potential, S F , and the modified correlation coefficient of the scattering potential, F , respectively. We note that both functions A and B have the form of a (scaled) convolution. It follows from Eq. (55) that the spectral density of the far field is given by the formula
A͑0͒B͑s͒. ͑60͒
On using Eqs. (22) and (55) Equations (60) and (63) are generalized reciprocity relations that may be stated as follows:
1. The spectral density of the far field generated by radiation from a quasi-homogeneous source scattered on a quasi-homogeneous medium is proportional to the convolution of the spectral density of the source, S Q , and the spatial Fourier transform of the modified correlation coefficient of the scatterer, F .
2. The spectral degree of coherence of the far field generated by radiation from a quasi-homogeneous source scattered on a quasi-homogeneous medium is, apart from a geometrical factor, given by the convolution of the correlation coefficient of the source, Q , and the spatial Fourier transform of the strength of the scattering potential, S F .
We mention in passing that the convolution of two Gaussian functions with widths w 1 and w 2 is again a Gaussian function with width w 3 = ͑w 1 2 + w 2 2 ͒ 1/2 . Therefore, if, for example, both S Q and F are Gaussians, then the spectral density of the far-zone field will also be a Gaussian. This observation implies the existence of an equivalence theorem in which both S Q and F are altered, without affecting the spectral density of the far field. In other words, a suitably chosen trade-off between the width of the spectral density of the source and the width of the correlation length of the scattering potential will leave the spectral density of the far field unchanged.
CONCLUSIONS
We reviewed and extended various reciprocity relations relating to quasi-homogeneous sources and quasihomogeneous scatterers. The usual reciprocity relations were applied to analyze the far-zone field generated by a monochromatic plane wave incident on a Gaussiancorrelated, spherical scatterer. Further, we analyzed the more general case when light emitted by a quasihomogeneous, random source is incident on a quasihomogeneous, random medium. Two generalized reciprocity relations for the scattered field in the far zone were derived. These relations were found to have the form of convolutions of a function describing properties of the source and a function describing properties of the scatterer. In recent years, there has been much interest in the scattering of partially coherent light by the turbulent atmosphere (see, for example, Refs. 10-12), and our results may find application in the analysis of problems of this kind.
APPENDIX A: DERIVATION OF AN APPROXIMATION RELATING TO EXPRESSION (44)
We will derive here the approximation that is applied in expression (44), viz., exp͓− ikr 2 · ͑R Q + + R Q − /2͒/r 2 ͔ = exp͓− ikr 2 · r 2 Ј/r 2 ͔ Ϸ exp͓− ikr 2 · r 2 Ј/R͔.
͑A1͒
Making the approximation in expression (A1) introduces an error ⌬ p in the phase of the exponential function, i.e.,
͑A2͒
For the factors r 2 and r 2 Ј appearing in Eq. (A2), we have (see Fig. 6 )
͑A4͒
where L Q denotes the linear dimension of the source. On making use of these two expressions in Eq. (A2), we find that
͑A5͒
Because the scatterer is in the far zone of the source, we have
where L S denotes the linear dimension of the scatterer. Also (see Fig. 6 ),
Hence,
and consequently
.
͑A9͒
On substituting from expression (A9) into expression (A5), we obtain the inequality
which is expression (46). One can derive the approximation of the other exponential in expression (44) in a strictly analogous manner.
